Abstract. First, we give another, simpler and shorter, proof of the weak subalgebra lattice characterization theorem formulated in [Bar], Secondly, we apply this result and also facts from [Piol] to characterize the weak subalgebra lattice of a partial monounary algebra. Using this characterization and results from the previous paxt [Pio2] we describe all pairs of lattices (Li, ¿2) for which there is a partial monounary algebra having its weak and strong subalgebra lattices isomorphic to L\ and L2, respectively.
In the previous part [Pio2] we investigate partial (and thus in particular total) unary and monounary algebras and their lattices of subalgebras. Now observe that the theory of partial algebras provides additional tools for such investigation, because several different structures may be considered in this case (see e.g. [BRR] or [Bur] ). In the present part we consider only two types of partial subalgebras. First, we have of course subalgebras and lattices of subalgebras defined as in the total case (such subalgebras will be sometimes called strong, as opposed to other kinds of partial subalgebras). The second important notion is the weak subalgebra. It is known (see e.g. [BRR] ) that for every partial algebra, its set of all weak subalgebras forms a complete lattice. Moreover, lattices of weak subalgebras of partial algebras have been characterized in [Bax] by W. Bartol. These lattices must be algebraic and distributive with some additional properties concerning their join-irreducible elements and atoms. It easily follows from some results of lattice theory that each lattice of weak subalgebras must satisfy these conditions, but Bartol's proof of the inverse implication (i.e. that for every lattice satisfying these conditions, there is a partial algebra with the lattice of weak subalgebras isomorphic to this lattice) is long and complicated. The first aim of the present paper is to give another, simpler and shorter, proof of this implication. Secondly, we apply this result and also results from [Piol] and some facts of graph theory to characterize the weak subalgebra lattice of a partial monounary algebra. Thirdly, we use this characterization and results proved in the previous part [Pio2] to describe all pairs of lattices which are isomorphic (respectively) to the weak and strong subalgebra lattices of one partial monounary algebra.
For basic notions and results concerning partial algebras see e.g.
[BRR] or [Bur] , and concerning (total) algebras see e.g. [Jon] , and concerning graphs see e.g. [Ber] or [Ore] . Moreover, we will use notation and definitions from the previous part [Pio2] . Recall only that a partial algebra B = (B, (k B )keK) of type (K, K) (where K is a set of operation symbols and K is the arity function) is a weak subalgebra of a similar partial algebra A = (A, (k A )keK) iffBCi and k B C k A for k 6 K. The set of all weak subalgebras of A forms a complete and algebraic lattice S",(A) under (weak subalgebra) inclusion
For a complete lattice L = (L,<L), we will use the following notation: At(L) is the set of all atoms; ir(L) is the set of all non-zero and non-atomic join-irreducible elements; CI(L) is the set of all completely join-irreducible elements; and for every I € L,
The first aim of this paper is to give another proof of the following
The original proof done by W. Bartol in [Bar] (more precisely, the implication <=) is complicated and long. Now we present a shorter and simpler proof, which is based on the following theorem from [CrDi] (1) L is an algebraic and distributive lattice in which each element is a join of completely join-irreducible elements.
(2) L is a complete sublattice of a complete and atomic Boolean algebra.
the complete lattice of all semi-ideals (with set-inclusion) of the set CI(L) partially ordered by <L-
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(For a partially ordered set (P, <p), its subset S C P is a semi-ideal iff for all s 6 S and p € P, p <p s implies p G S; the empty set 0 is also a semi-ideal).
We will also need the following technical fact from [Bar] , which is immediately obtained by a simple verification: 
Proof of Theorem 1:
Recall first that in [Bar] the implication " =>• " was obtained by Th. 2 and L. 3. Since this is easy and short, we sketch its proof. Let A -(A, (k A )keK) be a partial algebra. Then it is obvious that there is an injective and inclusion-preserving correspondence between weak subalgebras of A and subsets of the disjoint union Au|J{A; j4 : k 6 K}. Thus SW(A) is a complete sublattice of a complete and atomic Boolean algebra. Hence and by Th. 2, SW(A) is an algebraic and distributive lattice, in which each element is a join of join-irreducible elements (it is trivial that the word "completely" can be omitted). Moreover, (2) and (3) follow from L. 3, by an immediate verification. Now we give our simpler and shorter proof of the inverse implication " ". Let L = (L,<l) be a distributive and algebraic lattice satisfying (1), (2) and (3), and let A = (A, {k A )k^K) be a partial algebra defined as in [Bar] .
.. ,an_i,an} with ai < a2 < ... < a"_i < an, where < is an arbitrary but fixed total-order on At(L), then k A -{(ao,..., an_i, an)} (note that if |-Ai(A;)| = 1, then k A is a constant).
Of course it is sufficient to prove that S^(A) and L are isomorphic. This fact is obtained in [Bar] by a complicated and long verification that some mapping of L into Su,(A) is an order-isomorphism. Now we show that this follows also, in a simple way, from Th. 2 and L. 3. Observe first that CI(M) = At(M) U iV(M), for any algebraic and distributive lattice M satisfying (l)-(3) of Th. 1. The inclusion C is obvious (note that the least element 0 is not completely join-irreducible, because 0 = V 0)-O n the other hand, if i € At(M)\Jlr(M), then by (2) and (3), there are only finitely many join-irreducible elements contained in i. Hence and by (1), there are only finitely many elements contained in i. This implies that if i = V N for any N C M, then N is finite and non-empty, so i E N.
K. Pioro
Thus CI(L) = i4i(L)U/r(L) and C/(S W (A)) = Ai(S u ,(A))U/7-(S U) (A)) ) because we have shown above that S w (A) is also an algebraic and distributive lattice satisfying (l)-(3). Now we can take a function <p : CI{L) -> CI(S W (A)) defined as follows: for each a 6 At(L), <p(a) is the weak subalgebra of A with the carrier {a} and k^ = 0 for all k G K\ for each k G Ir(L) = K, (p(k) is the weak subalgebra of A with the carrier At(k) and f^W = 0 f or all f e K\{k} and £v>(fc) _ ,a n _i,a n )}, where At(k) = {ai,... ,a n } and oi < ... < a n . By L. 3, <p is a well-defined bijection. Moreover, it is easy to see that ip is an order-isomorphism. Hence, SI(C/(L), <L) and SI(CI (S W (A) ),< W ) are isomorphic. This fact and Th. 2 imply that S lt) (A) and L are isomorphic, which completes the proof of the implication " <= ".
• Now we characterize the weak subalgebra lattice of a partial monounary algebra. It is a simple consequence of Th. 1 and other results from [Bar] , and also some results of graph theory. Observe first (see [Ber] or [Ore] ) that with every digraph D we can associate an ( Note also that by [Bar] we have the following characterization of the weak subalgebra lattice of a partial unary algebra (this fact is a simple consequence of Th. 1 and its proof, because by L. 3 we immediately obtain that for a partial unary algebra A, each non-zero and non-atomic joinirreducible element contains exactly one or exactly two atoms):
<£,) is isomorphic to Su,(A) for some partial unary algebra A iff L is algebraic, distributive and (1) every element of L is a join of join-irreducible elements, (2) for each i G /r(L), At(i) has one or two elements, (3) (Ir(L),<L) is an antichain.
It follows from the above fact (see [Piol] ) that with every lattice L satisfying (1) -(3) of Cor. 4 we can associate the graph G(L) defined as follows: -At(L) is its set of vertices, ir(L) is its set of edges and for each edge e, {a G At(L) : a <l e} is the set of endpoints of e.
Having the above correspondences between partial unary algebras and lattices and graphs, we have been able to prove in [Piol] the following:
THEOREM 5. Let L be an algebraic and distributive lattice satisfying (l)-(3) of Cor. 4 and let A be a partial unary algebra. Then L is isomorphic to S^A) iff the graphs D*(A) and G(L) are isomorphic.
Graphs corresponding to partial monounary algebras have been characterized by O. Ore (see [Ore] or [Ber] ). More precisely,
THEOREM 6. A graph G is isomorphic to D*(A) for some partial monounary algebra A (or equivalently, all edges of G can be directed to form a functional graph) iff each connected component (i.e. maximal connected subgraph) of G contains at most one undirected cycle. A graph G is isomorphic to D*(A) for some total monounary algebra A iff each connected component of G either contains exactly one cycle or is a tree (i.e. has no cycles) with an infinite undirected path.
Analogously as for directed paths, we assume that an undirected path (cycle) has pairwise different vertices (except the first and the last which are equal). In particular, each edge of an undirected path is regular. Moreover, an infinite undirected path (ei, e2, e^,...) is defined analogously. A sequence is an undirected path or cycle in a digraph D iff this is such in D*.
The above result implies, in particular, that each connected component of a functional digraph contains at most one undirected cycle (ei,..., en), and of course this (more precisely, (ei,... 
(A) = T d (D(A)) and Ts d (A) = Ts d (D(A)).)
Now we characterize the weak subalgebra lattice of a monounary partial algebra. To this purpose, for any algebraic and distributive lattice L = (L, <l), we define an equivalence relation ~ on At(L) as follows: oi ~ a2 iff ai = 0,2 or there are £>i,..., bn € .Ai(L) and ii,..., in-\ € Ir(L) such that ij / ik for j ^ k and b\ = ai, bn = a^ and At(ij) = {bj, 6j+i} for j = l,...,n-1. Observe that equivalence classes of ~ correspond to vertex sets of connected components of G(L). Now we can characterize the weak subalgebra lattice of a monounary algebra. j -0,1,2,. ...
The second goal of this paper is to describe all pairs (LI,L2) of lattices isomorphic to the weak and strong subalgebra lattices of one partial monounary algebra. By [Jon] ) we have the following Let G be a graph and W a set of vertices, then the contraction of W (see e.g. [Ber] ) is the operation defined by replacing W by a single point w and replacing all edges with endpoints in W by a single loop in w, and replacing each undirected edge with one endpoint in W and the other outside W by an edge with the first endpoint in w and with the same second endpoint. Note that we can apply this construction to each connected component of a graph separately. Obviously, if G is a connected graph, then the graph Notes on subalgebra lattices 39 obtained from G by the contraction of a set of vertices is also connected. We have used the analogous construction for digraphs (see also [Ber] Take a graph G such that each of its connected components contains at most one undirected cycle. Then each connected component of T U (G) contains at most one trivial cycle, so (Th. 6) there is a functional digraph H such that H* is isomorphic to T U (G).
It is easy to see that there is also a functional digraph D such that D* is isomorphic to G and T d (D) is isomorphic to H.
